In this paper, we study the boundedness and essential norms of the differences of two generalized composition operators acting from α-Bloch space to β-Bloch space on the open unit disk. From essential norms, we get the compactness of the differences of two generalized composition operators. This study has a relationship to the topological structure of generalized composition operators acting from α-Bloch space to β-Bloch space.
Introduction
Let D be an open disk in the complex plane C and H(D) be the class of all functions analytic in D. We denote by S(D) the set of all analytic self-maps on D. For z, w ∈ D, the pseudo-hyperbolic distance ρ(z, w) between z and w is given by
For λ ∈ D, Let σ λ be the Möbius transformation of D defines by
for g ∈ H(D) and ϕ ∈ S(D), Li and Stević defined the generalized composition operatorC g ϕ as follows:
The boundedness and compactness of the generalized composition operator on Zygmund spaces and Bloch-type spaces were investigated in [2] . Some related results concerning the generalized composition operator on various spaces can be found in, for example, [3] [4] [5] [6] .
The essential norm of a bounded linear operator T : X → Y is its distance to the set of compact operators K mapping X to Y , that is,
where X, Y are Banach spaces and · X→Y is the operator nom.
Recently, many researchers have been studying the difference of two operators. The study of the difference of two operators is motivated by the difference of two composition operators which was started on H 2 . The main purpose for this study is to understand the topological structure of C(H 2 ), the set of composition operators on H 2 , see [7] . Then, MacCluer, Ohno and Zhao [8] considered the above problems on H ∞ . These works gave a relationship between a component problem and the behavior of the difference of two composition operators acting from B to H ∞ . After that, the study of the difference of two operators, such as boundedness, compactness and essential norms have been studied on several spaces of analytic functions by many authors, see [9] [10] [11] [12] [13] [14] [15] .
As an analogue, the topological structure of the set C(B α → B β ) of bounded generalized composition operators from B α to B β can be considered. In this context, we deal with the differences of generalized composition operators from B α to B β . The main purpose of this paper is to express the boundedness and essential norms of C g ϕ − C h ψ from B α to B β which generalize [16] . The authors expect that these results will play some roles in the succeeding investigation.
For two quantities A and B which may depend on ϕ and ψ, we use the abbreviation A B whenever this is a positive constant C(independent of ϕ and ψ) such that A ≤ CB. We write A ∼ B if A B A.
Prerequisites
In this section, we give some notions and auxiliary lemmas needed in the proof of the following theorems. We use the following notion:
We remark that
and |τ (z)| = 1 − ρ 2 (z).
For convenience for the statements of our main results, we note
For all z, w ∈ D, the Bloch-type induced distance is given by [12] . Then f a B α = 1. From Lemma 2.1, take a = ϕ(z), we have that
The following lemma can be proved in a standard way(see,e.g.,Proposition 3.11
In this section we give the characterization for the boundedness of the differences of generalized composition operators from B α to B β . For any a ∈ D, we define the following test functions see [12] 
It is easy to see that g a ≤ f a B α = 1. To prove the result in this section, we need the following Propositions.
. Then the following inequalities hold:
Similarly
Hence, we have
By Lemma 2.1, we obtain that
which implies that (iii) holds.
Proof. For any a ∈ D, recall that,
Then, we express f a into expansion as
Note that (see [17] ).
Therefore (i) holds. Note that
By an analogous calculation, we have that (see [12] )
Therefore,
by Stirling's formula,
Hence (ii) holds. Theorem 3.3. Let 0 < α, β < ∞. Let ϕ, ψ ∈ S(D). Then the following statements are equivalent.
(
When n ≥ 1. Consider the function z n . From [18] , we see that 
Hence, we obtain
Thus, the statements (i),(iia),(iii),(iv) are equivalent. Similarly, the statements (i),(iib),(iii),(iv) are equivalent. The proof of the theorem is complete.
4.
Essential norm of C g ϕ − C h ψ : B α → B β In this section we give an estimate for essential norm of C g ϕ − C h ψ from B α to B β . We need some auxiliary results. For r ∈ (0, 1), let K r f (z) = f (rz). Then K r is a compact operator on the space B α or B α 0 for any positive number α, with K r B α ≤ 1. The following lemma can be found in [18] : Furthermore, these statements hold as well for the sequence of biadjoints L * * n on B α .
Here we prove the following two useful propositions in this section. Proposition 4.2. Let 0 < α, β < ∞. Let ϕ, ψ ∈ S(D). Then the following inequalities hold:
Proof. We only need to note the proof of proposition 3.1 permit us to obtain the following consequence. For any z ∈ D, we have
Proof. For any a ∈ D and each N , it follows from the proof of proposition 3.2 that
Therefore (i) holds. Similarly for any a ∈ D and each N , from the proof of proposition 3.2,
Let |a| → 1 in (4.2), we get lim sup
Hence (ii) holds. Proof. First, we give the upper estimate. Let {L n } be the sequence of operators given in Lemma 4.1. Since each L n is compact as an operator from B α to B α , so is (C g ϕ − C h ψ )L n , and we have 
